A scheme for efficient correction of driving-field frequency drifts in Ramsey interferometry is proposed. The two off-resonant π/2 pulses of duration T used in the traditional Ramsey setup are supplemented with an additional pulse of duration 2T (approximate π pulse), which is applied midway between the Ramsey pulses and has a detuning of opposite sign to theirs. This scheme, which resembles a Hahn's spin-echo pulse embedded into the Ramsey setup, corrects small-to-moderate random errors in the detuning of the driving field. This allows the observation of Ramsey fringes of high contrast even with a noisy driving field or in inhomogeneously broadened atomic ensembles. The contrast is further improved by replacing the refocusing 2T pulse by a composite π pulse. We demonstrate the validity of the concept by comparing experimental results from usual Ramsey measurements with Hahn-Ramsey measurements. These experimental results are obtained from microwave-optical double-resonance spectroscopy on 171 Yb + ions in a segmented linear Paul trap. In the same way, we verify qualitatively the predicted advantage from using a composite π pulse for refocusing.
I. INTRODUCTION
Ramsey interferometry is nowadays a textbook technique in experimental quantum physics [1] [2] [3] [4] [5] [6] . The traditional Ramsey setup involves the interaction of a two-state quantum system with two separated oscillating external fields, in either space [1] or time [3] . The fields are intentionally detuned from resonance with the Bohr transition frequency of the quantum system by a suitably chosen detuning , and the durations of the two driving pulses are selected to produce the effect of π/2 pulses. Ramsey fringes emerge when the transition probability is plotted versus the detuning or the pulse separation τ . Alternatively, Ramsey fringes can be produced when varying the relative phase between the two π/2 pulses [2] ; the latter feature makes it possible to use Ramsey interferometry for measuring phases [7, 8] . It has also been recognized that an enhanced sensitivity can be achieved by using multiple control pulses [4, 9] .
While its primary application is in high-precision metrology, e.g., in atomic clocks [10] , Ramsey spectroscopy is a very convenient tool in other branches of quantum physics too. One such application, which is of primary interest here, is the detection and characterization of quantum coherence and the measurement of decoherence times [11] [12] [13] [14] . Inasmuch as Ramsey fringes are an interference pattern, which depends strongly on the coherence of the quantum system, the fringes are sensitive to any decoherence process during the Ramsey interaction and are therefore a convenient tool for probing and characterizing coherence.
Because the Ramsey fringes depend strongly on the detuning, they are sensitive to any systematic shifts, e.g., drivingfield-induced Stark shifts [10, 15] , or fluctuations in this detuning [14] . Unless the experimental apparatus is frequency stabilized to a very high accuracy, frequency fluctuations in the course of collecting the data may easily spoil the contrast of the fringes [14] .
In this paper, we propose and demonstrate a modification of the Ramsey setup by adding an approximate π pulse between the two Ramsey π/2 pulses, in a manner reminiscent of Hahn's spin-echo technique [16] . In contrast to the earlier use of a spin-echo π pulse in Ramsey interferometry [8, 13] , which eliminates the effect of the detuning (to first order), here we use an off-resonant approximate π pulse of opposite detuning to that of the Ramsey π/2 pulses. This method, which we refer to as fault-tolerant Hahn-Ramsey interferometry, preserves the dependence of the fringes on the detuning (which defines the fringe frequency), but it eliminates small-to-moderate fluctuations in this detuning, thereby greatly enhancing the fringe contrast in the presence of detuning drifts. Provided the Rabi frequency of the driving field is sufficiently larger than the detuning (a factor of 5 or more) the Ramsey fringes are essentially unaffected by the detuning fluctuations. We derive explicit analytic formulas for these fault-tolerant Hahn-Ramsey fringes and the corrections to them due to detuning fluctuations. Then we proceed with an experimental verification of the Hahn-Ramsey technique with 171 Yb + ions trapped in a segmented linear Paul trap.
This reduced sensitivity of the Ramsey fringes to field variations is opposite to the use of Ramsey interferometry to measure small light shifts or phases when enhanced sensitivity is required, e.g., in quantum metrology [7] . Therefore, the present paper treats specifically the use of Ramsey interferometry for detection and characterization of quantum coherence over long storage times when the stability of the control fields is of crucial importance. It gives a prescription for increasing the resolution of the Ramsey fringes in the presence of drivingfield frequency drifts during the course of measurement. This paper is organized as follows. Section II reviews the standard Ramsey setup and its limitations. Section III introduces the fault-tolerant Hahn-Ramsey interferometry and presents its theory. Section IV describes the experimental setup for the realization of the proposed technique, and Sec. V presents the experimental results. Finally, Sec. VI discusses the relation of the fault-tolerant Hahn-Ramsey technique to similar techniques, and Sec. VII summarizes the conclusions.
(Color online) Pulses in the traditional Ramsey scheme (top, two π/2 pulses of duration T ) and the fault-tolerant HahnRamsey scheme proposed here (bottom, three pulses of durations T , 2T , and T ). The detuning is kept constant in the Ramsey scheme, while in the fault-tolerant Hahn-Ramsey scheme, its sign is flipped with the application of the intermediate 2T pulse, and then restored to its original value in the last π/2 pulse.
II. STANDARD RAMSEY INTERFEROMETRY

A. Basic theory
The classical Ramsey interferometer consists of a pair of π/2 pulses of duration T producing qubit rotation R(T ), separated by free evolution F (τ ) for time τ , as illustrated in Fig. 1 (top) . Here we shall first summarize the theory of ideal Ramsey fringes and then analyze how errors in the Rabi frequency and the detuning affect them.
We work in the rotating-wave picture [17] in which the rapidly rotating [at the transition frequency ω 0 = ω 2 − ω 1 = (E 2 − E 1 )/ ] probability amplitudes of the two states a 1 (t) and a 2 (t) are replaced by the slowly varying (at the field-atom detuning ) amplitudes c 1 (t) and c 2 (t). The Hamiltonian for each pulse in the rotating-wave approximation reads [17] 
The detuning from resonance, , which is assumed positive without loss of generality, controls the period of the Ramsey fringes; hence we shall use as the unit for frequency and 1/ as the unit for time. The coupling between the two states is quantified by the Rabi frequency , which is assumed positive, and it may have a phase φ, as is the case with composite pulses [18] . We consider for simplicity rectangular pulses of width T and Rabi frequency , as in most applications of the Ramsey method. Each of the two rectangular pulses produces the propagator R φ (T ) = exp(−iHT / ); explicitly,
where = √ 2 + 2 and A = T is the generalized pulse area. The transition probability is given by the Rabi formula
On exact resonance one would have a pulse area T = π/2 for each Ramsey pulse; however, for nonzero detuning this value increases. An effective half-π pulse, i.e., one that produces transition probability p = , takes place for the pulse duration
which we assume hereafter. Obviously, such a probability can be produced only if . Although this latter condition suffices for most of the results below to be valid, we shall rather assume the stronger condition , which is usually fulfilled in Ramsey spectroscopy.
The free evolution of the two-state system is described by the propagator
The overall propagator of the standard Ramsey scheme is
where φ is the relative phase between the two pulses. Because it is only the relative phase between the two Ramsey pulses that matters, we have set the phase of the first pulse to zero.
B. Errorless Ramsey fringes
The exact formula for the ideal Ramsey fringes reads
where
If then χ 1. Note that the phase shift χ depends on and only and does not change when the pulse delay τ is varied. As the main concern here is the behavior of the Ramsey fringes versus the pulse delay τ , we will set the relative phase φ to zero: φ = 0.
The Ramsey fringes in the errorless case are depicted in Fig. 2 by a solid curve. The fringes follow a sinusoid curve versus the pulse delay τ with a frequency and are shifted by a phase χ . In the limit τ → 0, the two Ramsey pulses merge into a single pulse. However, because these are off-resonant effective π/2 pulses, rather than resonant π/2 pulses, their merger does not produce an effective π pulse (and hence P = 1) but rather the probability P = cos In a typical experiment, each point of the Ramsey fringes is an average of a large number of data points, and taking the full scan may exceed the time scale during which the driving-field frequency or/and amplitude stays fixed. In order to estimate the effect of errors in the detuning and the Rabi frequency we set → + and → + α. A simple calculation in the limit | | and |α| gives the following estimate (to the lowest orders of and α):
The α term is negligibly small due to the condition and it leads to only a small shift in the fringes. The term, however, may become very large for large pulse delay τ (which is the case in Ramsey spectroscopy) and it changes the Ramsey fringes considerably. The Ramsey fringes for nonzero detuning error are depicted in Fig. 2 by two dashed curves (for detunings and − ). Obviously, superposing measurements for different will make the Ramsey fringes dephase rapidly and will result in much lower contrast. Therefore, hereafter we neglect the Rabi frequency error α and we shall discuss two strategies to dynamically reduce the effect of detuning errors.
The main problem is that the detuning error acts continuously, during the Ramsey pulses as well as during the free evolution of the system. This makes the current problem different from, and more difficult than, a recent proposal [15] and an experiment [10] , which compensate the dynamical Stark shift induced by the driving pulses themselves; this shift is present only during the driving pulses.
We assume below that variations in the detuning do not take place during the measurement of each data point but only from one measurement to another. In other words, the faulty detuning + stays constant during each measurement but the error may be different for different measurements. Our objective is to find strategies for which the Ramsey fringes are locked to the detuning and do not depend on the error within a certain range.
D. Adding two Ramsey signals of opposite detunings
An intuitive approach to reduce the effect of detuning fluctuations in the standard Ramsey scheme is to add two signals, one for detuning and another for detuning − [10] . It is essential that the frequency drift adds up to the detuning in the same manner, → + and − → − + , regardless of the sign of the detuning. This makes it possible to discriminate from . Figure 2 shows the signal derived in this manner (dashed curve). While the phase of the fringes is largely compensated, their amplitude undergoes sinusoidal modulation, which depends on the detuning error and the pulse delay τ . In the limit of small one finds the simple estimate
This simple formula describes very well the combined signal (dashed curve) in Fig. 2 . Obviously, this approach can be used only for small detuning error and pulse delay τ such that | |τ 1.
III. FAULT-TOLERANT HAHN-RAMSEY FRINGES
Here we propose to use ideas similar to Hahn's spin-echo rephasing technique [16] in order to reduce the effect of the detuning error on the Ramsey fringes. The two Ramsey π/2 pulses, each of duration T , are supplemented with a pulse of duration 2T applied in the middle between the two pulses, thereby splitting the free-evolution interval of duration τ into two equal half intervals of duration τ/2 each, as shown in Fig. 1 (bottom). The nontrivial detail here is that the error-correcting 2T pulse has the opposite detuning − compared to the two Ramsey pulses. The implication is that the free evolution in the first interval proceeds with a detuning , while the free evolution in the second interval proceeds with a detuning − [see Fig. 1 (bottom)] as the free-evolution precession frequency is determined by the last pulse acting upon the system. The free evolution with precession frequencies of opposite signs is the primary reason for the cancellation of the detuning error in the Ramsey fringes. In the presence of an error , the precession frequency in the first interval is + , while in the second interval it is | − + | = − (assuming > ). The different signs of the error in the two free-evolution intervals lead to the self-correction of this error.
The overall Hahn-Ramsey propagator (acting from right to left) reads
The exact transition probability can be calculated from here but the expression is too cumbersome to be of practical interest. probability is approximately given by
Obviously, the leading first term is a sinusoid with a frequency and an amplitude 1 − 2 / 2 . The second term has the same amplitude 2 / 2 as the deviation from 1 of the first term but it oscillates vs τ with a frequency . Clearly, the fault-tolerant Hahn-Ramsey fringes benefit in terms of contrast by taking a higher ratio 2 / 2 , which both damps the error term and pushes the fringe amplitude to 1. For 5 , the amplitude is practically equal to 1 and the error term is negligibly small. Figure 3 shows these features in the Hahn-Ramsey signal for / = 3. This rather low ratio makes the features clearly visible. The phase of the fringes is not affected by the detuning error, but only their amplitude. The overall modulation of the amplitude of the error is described very well by the error term in Eq. (12) . The small-amplitude oscillations of frequency in the error can be described analytically as well but it is barely worth the effort. Figure 4 shows the Hahn-Ramsey signal for / = 10, where the presence of the detuning error is barely visible even for the rather high value = 0.2 . It is easy to verify that even higher errors are easily compensated in this case. proposed here in the presence of random detuning errors within a certain interval (− 0 , 0 ). The classical Ramsey and the superposed-Ramsey fringes decohere very rapidly, even for a small maximum error 0 = 0.05 . The fault-tolerant Hahn-Ramsey scheme maintains nearly perfect fringe contrast even in the presence of errors as large as 0.3 (and even for larger errors, not shown here). Moreover, as the Rabi frequency increases from 3 to 5 and then 10 (the three lower curves) the Hahn-Ramsey signal gradually becomes indistinguishable from the errorless solid curves.
The fault-tolerant Hahn-Ramsey scheme proposed here is imperfect when the ratio / has only moderate values, as seen in Figs. 3 and 5, because even in the errorless limit = 0 the oscillation amplitude is 1 − 2 / 2 < 1, as is evident from Eq. (12) . This problem is rooted in the fact that the rephasing pulse of duration 2T is not a perfect π pulse, but only an approximate one. This slight drawback can be eliminated, as mentioned above, by using a larger ratio / . If this is not possible, the problem can be alleviated in two ways. (i) First, the rephasing pulse of duration 2T and Rabi frequency can be replaced by a pulse of duration T and Rabi frequency 2 . It has the same pulse area as before but its effect is closer to that of a π pulse because of the larger Rabi frequency. Indeed, it is easy to verify that the oscillation amplitude now will be 1 − 2 /(4 2 ), i.e., the deviation from 1 is reduced by a factor of 4. However, one may argue here that simply using a Rabi frequency 2 in the original fault-tolerant Hahn-Ramsay setup will achieve the same result, which is certainly true. two pulses of duration T each, but with a phase φ = 2χ of the second pulse relative to the first one. (Because the detuning is − , the composite phase is φ = 2χ rather than φ = −2χ , as it would be the case for detuning .) As is easily seen from Eq. (7) with τ = 0, this composite pulse acts as an ideal π pulse. Figure 6 compares the fault-tolerant Hahn-Ramsey fringes in the original version T -2T -T with the variations (i) and (ii) described above in the case of moderate ratio / when the imperfection of the T -2T -T sequence is easily visible. Clearly, using the Rabi frequency 2 reduces the errors in the fringes, while using a composite middle pulse produces nearly perfect fringes.
An interesting question is the following: Given that the fault-tolerant Hahn-Ramsey fringes are insensitive to variations in the detuning, how does the quantum system "know" to produce interference fringes with frequency equal to the preselected benchmark detuning ? The simple answer to this question lies in the way the duration T of the Ramsey pulses and the duration 2T of the Hahn rephasing pulse are selected according to Eq. (4), in which the detuning is explicitly present. 
IV. EXPERIMENTAL REALIZATION
A. Experimental setup
The experiments were carried out in a segmented threelayer trap made of microstructured, gold coated alumina (as in [19] ), modified by a middle layer which provides four independent coils for the generation of magnetic fields and gradients [20] . The trap is mounted to a chip carrier which was processed with thick-film technology to act as a vacuum interface suitable for UHV [20] .
All dc voltages required for trapping are generated by a low-noise, low-drift multichannel arbitrary waveform generator [21] . Exchangeable filter boards close to the trap low-pass the dc electrodes with a cutoff frequency of 10.2 kHz. The trap is operated with radial trap frequencies of about 1.1 MHz and an axial trap frequency of approximately 200 kHz.
Lasers for photoionization, Doppler cooling, and to prevent optical pumping to metastable states are generated using homebuilt external-cavity diode lasers, referenced to pressure-tight, temperature-stabilized Fabry-Perot cavities resulting in a drift on the order of a few megahertz per day. The wavelengths are measured to a relative level of 10 −8 using a home-built scanning Michelson interferometer [22] which is compensated for environmental effects such as temperature and pressure changes. A few extensions to the laser system described in [20] were required to match the need for trapping 171 Yb + ions with its hyperfine splitting: The cooling laser near 369 nm can be shifted using an acousto-optical modulator (AOM) operating at 1.05 GHz in double-pass configuration to resonantly pump ions into the |S 1/2 ,F = 0 hyperfine state as detailed in Sec. IV B. Optical pumping to the |D 3/2 ,F = 2 state is counteracted by modulating the laser near 935 nm with a fiber electro-optical modulator operating at 3.07 GHz.
The microwave system is similar to the one described in [23] . A notable difference is the usage of a single sideband mixer, which allows destructive interference of the undesired sideband, thus enhancing the power in the desired sideband by a factor of 2. This requires two signals with a frequencydependent phase and amplitude relation and the setup is thus as follows: Two rf signals provided by two generators are amplified to the desired level and mixed with a local oscillator operating at 12.568 GHz using a single-sideband mixer. The phases and amplitudes of the signal generators are optimized to suppress the unwanted lower sideband, which can be reduced compared to the upper sideband by almost 60 dB [24] . All signal sources are stabilized to a 10 MHz output from a rubidium reference. Synchronous operation of the frequency generators with a defined phase relation is essential, and a dedicated circuitry ensures that trigger events do not occur within a time window around the rising or falling edge of the internal clock of the signal generators, which could result in an unpredictable delay on the order of 5 ns [25, 26] . The mixed signal is amplified and applied to the atoms using a horn antenna connected through a low-loss coaxial cable. The microwave system is described in detail in [24] .
Fluorescence light from the ion is collected using lightgathering optics with high numerical aperture and a wide field of view [20] and is imaged onto an electron-multiplying charge-coupled device (EMCCD) camera.
B. Experimental sequence
We load 171 Yb + ions by resonant isotope-selective ionization of neutral atoms generated in a resistively heated oven [26] . We apply Doppler cooling on the |S 1/2 ,F = 1 ↔ |P 1/2 ,F = 0 transition and counteract optical pumping into the |S 1/2 ,F = 0 state via off-resonant excitation of the |P 1/2 ,F = 1 state by applying resonant microwave radiation on the transition |S 1/2 ,F = 0 ↔ |S 1/2 ,F = 1,m F = −1 (see Fig. 7 ).
We encode our qubit into the states |0 =|S 1/2 ,F = 0 and |1 =|S 1/2 ,F = 1,m F = −1 . Permanent magnets attached to optical mounts for precise alignment create a magnetic field along the weak trap axis of a few gauss which defines the quantization axis and sets the resonance frequency of the σ − transition used for qubit manipulation. For initial state preparation, the microwave field is switched off, and the cooling laser is blueshifted by 2.1 GHz. This resonantly excites the |P 1/2 ,F = 1 state and after scattering a few photons, the ion is optically pumped to the |0 state.
As a first step, we roughly estimate the resonance frequency of the σ − transition by coherent microwave spectroscopy: After preparation of state |0 , a microwave pulse of fixed duration is applied, before we project the ion onto state |0 or |1 by scattering resonance fluorescence, and, upon repeating this sequence, determine the excitation probability (or rather the relative frequency of bright and dark events). The dependence of the excitation probability on the frequency of the radiation applied yields an estimate for the resonance frequency and the Rabi frequency. With these estimates, we carry out Ramsey spectroscopy as described in Sec. II for an accurate determination of the resonance frequency. Flopping of the excitation probability with frequency is observed in a Ramsey experiment, if the driving field is detuned from resonance by , and from such measurements, the resonance can be determined on a hertz level. From a sequence of Ramsey measurements, we estimate the jitter of the resonance frequency ν to be below σ ν /2π ≈ 3 kHz and a slow drift rate of |ν|/2π < 2 Hz/s. With the knowledge of the resonance frequency, we determine the on-resonance Rabi-frequency to be /2π ≈ 53 kHz. Fluctuations of the magnetic fields thus have a negligible effect on the generalized Rabi frequency.
Finally, Ramsey spectroscopy is carried out with and without the optional Hahn π pulse in the middle of the free precession for comparison. In the Sec. III, excitation probabilities are plotted which are determined from the final state of a spinor that was subjected to a free precession for a time τ with a detuning . The error in the detuning is randomized within an interval (− 0 , 0 ). In the experiment, excitation probabilities have to be inferred from repeated measurements, and for good signal-to-noise ratio, each precession time was repeated 100 times.
The time for a single measurement was limited by the data transfer from the EMCCD camera, and the fact that we synchronize the experiment to a line trigger, so that a single cycle takes 20 or 40 ms. This means that (including some overhead for sequence generation and transmission, etc.) the measurement of each data point takes a few seconds and the entire sequence about 3 to 10 min. Within this time, the resonance frequency is subject not only to random changes within an interval determined by 0 , but also to slow drifts of the resonance on the order of 2 Hz/s, so for a single point, this drift can be neglected, but not for the entire sequence. There are two common sequential arrangements for the recording of data points: In the first case, the whole array of precession times is recorded and this is done repeatedly; as a consequence, the time between two repetitions of each point is long, such that a drift might be non-negligible. The result of data taken this way is an oscillation with a decaying amplitude, as, for large precession times, a variation of the detuning creates large additional phases and averaging over these phases reduces the contrast. The second option which we used for the measurements presented in this article is to measure each precession time repeatedly, and then to proceed to the next precession time. In this case, drifts for a single point can be neglected. But the points recorded at the end of the sequence might have significantly different detunings compared to the points at the beginning of the sequence. If the data points are taken in order of ascending precession time, the consequence can be an acceleration or deceleration of the fringe frequency. To avoid this effect, we randomized the order in which the precession times were recorded. Therefore, the drifts affect each point as an uncorrelated change of the detuning in a given interval and this allows for a direct comparison with data obtained from theory.
C. Data analysis
Fluorescence from Doppler cooling and state detection is collected on the EMCCD chip and summed over a region of interest. Cycles with low cooling fluorescence are excluded from further consideration. The expected photon distribution from state detection of a dark or bright ion is given by a Poissonian with a mean photon number depending on the qubit state. For ideal repeated measurements of a superposition state, the sum of two Poissonian distributions would be obtained with clearly distinguishable mean photon numbers, and an optimum threshold could be found to decide whether a single shot originates from the projection to a dark or bright ion. In general the detection fidelity suffers from overlapping distributions; in addition, due to the probabilistic amplification process within the gain register of the EMCCD camera the distributions deviate from being Poissonian and the overlap might be increased, but several techniques can further improve statistical significance [27] [28] [29] [30] . In the evaluation presented here, ambiguous events were discarded by postselection: we use two threshold values (as discussed in [30] with a primary focus on photomultiplier data), and consider an event dark only if the photon number is below the lower threshold and bright only if the photon number is above the higher threshold. Events with photon numbers between the two thresholds are not considered. The threshold values are found by analyzing photon counting distributions for ions prepared in dark and bright states: the two thresholds are chosen such that the disregarded percentages from the dark distribution and bright distribution are identical. The disregarded percentage can be chosen freely at the expense of more experimental runs or a lower signal-to-noise ratio. By disregarding approximately 20% of the data, as shown in Fig. 8 , the fringe contrast improves from 0.948(15) to 0.990(−15, + 10) for the HahnRamsey spectroscopy presented here [shown in Fig. 9(a),  lower figure] . Thus, the detection infidelity is reduced by approximately a factor of 5. 
V. EXPERIMENTAL RESULTS
Assigning 0 in the spirit of Fig. 5 is not strictly possible, as the resonance frequency is not truly random within some interval, but is the consequence of an extended noise spectrum of the magnetic field containing both slow and fast contributions. While noise components in the kilohertz range average even for a single record and reduce the observable contrast, frequency components of a few hertz randomize the resonance of each data point which closely resembles the usage of in the theory Sec. III, and the drift rate and the time for data taking would yield an 0 on the order of 1 kHz. Even slower components in the millihertz range can be viewed as drifts, and as their phases are random, the drift rate changes ( p,t i ) to the data with the set of fitting parameters p, the standard errors σ i calculated from projection errors, and the time t. The residuals for the standard Ramsey sequence grow beyond ±30σ and the measured data points become uncorrelated with a sinusoidal curve for large precession times, whereas the residuals for the Hahn-Ramsey sequence in contrast remain roughly within a ±3σ interval and the data remain nicely sinusoidal for the measured interval.
033406 -7 unpredictably. When a standard Ramsey sequence is applied, single data points at long precession times (>1 ms) can be seemingly uncorrelated to the mean oscillatory behavior, in contrast to the Hahn-Ramsey sequence, where the oscillation remains clean.
The results are shown in Fig. 9 where we compare results of standard Ramsey spectroscopy and Hahn-Ramsey spectroscopy using a pulse sequence as shown in Fig. 1 . The improvement using the Hahn-Ramsey approach is clearly visible. For the parameters used here, we could not observe a difference between a usual Hahn π pulse as shown in Fig. 1 and the composite Hahn π pulse as discussed in Fig. 6 . The reason for this is the large ratio between Rabi frequency and detuning. If the Rabi frequency is intentionally reduced (or is low because of experimental constraints), the difference is expected to be more significant. To investigate this, we recorded again Hahn-Ramsey signals with a detuning = 3.5 kHz and a reduced Rabi frequency of /2π = 10.5 kHz. From Fig. 6 it can be seen that the improvement is pronounced for longer precession times. In addition, we aimed for good signal-to-noise ratio to clearly see the effect, averaging every point over 1000 repetitions. The results are shown in Fig. 10 and the improvement due to the composite π pulse can clearly be seen. In contrast to Fig. 9 , the improvement does not appear as a better correlation with a sinusoidal oscillation but as an improvement in fringe contrast. The reason is the large number of repetitions per data point needed to achieve the The effect of robust pulses can be observed best for longer precession times where decoherence already sets in and reduces the visible fringe contrast. As the difference even for those cases is not very pronounced, we aimed for a high signal-to-noise ratio to pinpoint the difference and used 1000 repetitions. The modulation depth for the composite π pulse is 0.808(13) and substantially higher than 0.709 (15) desired signal-to-noise ratio: as the time required to record a single data point is ten times longer, the assumption that the detuning is constant during that record is no longer fulfilled and the drifts in the experiment reduce the possible contrast for each point. With the composite π pulse, Hahn-Ramsey spectroscopy becomes less susceptible to detuning errors and a larger fringe contrast is recovered.
In conclusion, we could verify the advantages of the detuned π pulse and the robust version of the π pulse experimentally. As expected, the method works best, if the frequency jitter is small compared to the detuning and the detuning is small compared to the Rabi frequency.
VI. DISCUSSION
It is interesting to compare the Hahn-Ramsey technique described and demonstrated here with other modifications of the original two-pulse Ramsey technique. The present scheme bears some similarities to the Ramsey-Bordé schemes [31, 32] , also known as split-pulse Ramsey sequences, which are widely used for compensation of the linear Doppler shift δ in atomic ensembles. Comparison of the four-pulse and three-pulse Ramsey-Bordé sequences with the present Hahn-Ramsey sequence is made in Fig. 11 . In the four-pulse Ramsey-Bordé scheme [ Fig. 11(a) ], four π/2 pulses are applied pairwise in opposite directions, which eliminates the linear Doppler shift δ. However, the error due to frequency drifts of the radiation source itself, as discussed here, cannot be canceled because always adds with the detuning as + and hence it cannot be discriminated from .
Apart from the reversed sign of the detuning of the spin-echo π pulse, the present scheme is similar to the three-pulse Ramsey-Bordé sequence [ Fig. 11(b) ] wherein no such detuning sign flip is present [8, 13] . In the latter, the middle π pulse cancels (to first order) the dependence of the Ramsey fringes on any frequency shifts from resonance. The fringes are observed as a function of the phase shift in one of the Ramsey π/2 pulses or as a function of the phase shift of one of the qubit states during the free evolution between the pulses. In contrast, in the present fault-tolerant Hahn-Ramsey sequence the preselected detuning and the radiation source error add up differently, as + and − , which makes it possible to cancel the dependence on while keeping that on . Because the detuning determines the fringe frequency, the fringes can be observed in the original Ramsey manner, by plotting the signal as a function of the separation τ between the pulses or versus the detuning (which is not possible in the three-pulse Ramsey-Bordé scheme). The fringes can be observed also as a function of the relative phase between the pulses. It is important that the fault-tolerant Hahn-Ramsey sequence allows one also to cancel Doppler shifts of moving atoms when applying all three pulses in the same direction, as seen in Fig. 11(c) , because the Doppler shift adds up in the same manner as the driving frequency drift .
Another useful feature of the present Hahn-Ramsey scheme is that it does not assume that the pulse durations are very small, as is customary in the Ramsey scheme and its variations, but only that the Rabi frequency is larger than the detuning. Indeed, the performance of this scheme improves as the pulse durations decrease (and hence the Rabi frequencies increase 033406-8
FIG. 11. (Color online)
Comparison of (a) the four-pulse and (b) the three-pulse Ramsey-Bordé sequences with (c) the present HahnRamsey sequence. The arrows indicate the spatial direction of each pulse and the expressions beneath them show the total frequency offset from resonance due to the driving field detuning , the driving field frequency drift , and the Doppler shift δ. The application of the pulses in opposite directions in the four-pulse Ramsey-Bordé scheme eliminates the first-order Doppler shift δ in atomic ensembles, but the frequency drift cannot be canceled because it adds to the detuning in the same manner and hence it cannot be separated from . In the three-pulse Ramsey-Bordé scheme (b) the drift is eliminated altogether with the Doppler shift δ and the detuning , and hence no dependence on is left in the signal. In the present Hahn-Ramsey scheme (c) both the drift and the Doppler shift δ can be canceled if all the pulses are copropagating because they add up differently to the detuning . in order to maintain the pulse areas at π/2 or π ). However, it works very well even for moderate pulse durations when the Rabi frequency is comparable to (but still larger than) the detuning, especially with the use of a composite middle π pulse, as in Figs. 6 and 10.
An additional π pulse between the two π/2 Ramsey pulses has been used before for other purposes and in a different manner. Lundblad et al. [33] used such a pulse in order to enhance the sensitivity of Ramsey fringes to decoherence. Yudin et al. proposed [15] , and Huntemann et al. demonstrated [10] , the use of such a pulse for cancellation of the dynamic Stark shift induced by the driving fields themselves. The additional π pulse was merged with the second π/2 pulse but had a π phase shift and its frequency was shifted by the anticipated light shift. It was essential that these light shifts were present during the driving pulses only. The fault-tolerant Hahn-Ramsey scheme proposed here allows one to cancel the effect of random drifts in the carrier frequency of the driving pulses from shot to shot. These drifts affect the entire evolution, during as well as between the pulses, and cannot be canceled by the scheme of Refs. [10, 15] .
Finally, we note that there are other, more sophisticated rephasing sequences than Hahn's spin echo, such as the Carr-Purcell-Meiboom-Gill two-pulse sequence [34, 35] and its extensions. However, the very simple single-pulse Hahn's scheme used here appears to be sufficient to compensate the type of random detuning error considered.
VII. CONCLUSION
In this paper, we have examined the sensitivity of the Ramsey technique to random errors in the detuning of the driving oscillating fields. We have especially focused on the use of the Ramsey technique for detection and characterization of quantum coherence, which is deduced from the Ramsey signal plotted versus the pulse delay. The classical two-pulse Ramsey scheme is very sensitive to such detuning errors because they directly change the frequency of the Ramsey fringes and make the latter decohere. The simple approach of adding two signals of opposite detunings and − can compensate only very small detuning errors because the amplitude of the Ramsey fringes undergoes a global sinusoidal modulation at the frequency . We have proposed here to combine the Ramsey method with ideas from Hahn's spin-echo technique by adding a pulse of double duration 2T and opposite detuning − in the middle between the two Ramsey π/2 pulses. The resulting Hahn-Ramsey fringes are rephased very accurately even for very large detuning errors (| / | 0.5) provided the Rabi frequency of the driving fields is sufficiently larger than the detuning ( 5 ). If it is not possible to have such a large Rabi frequency, then one can replace the middle 2T pulse, which for / 3 deviates significantly from a π pulse, by a two-component composite pulse, which acts as a perfect π pulse. These features have been demonstrated experimentally with 171 Yb + ions trapped in a segmented linear Paul trap, in nearly perfect agreement with the theory.
The proposed Hahn-Ramsey technique should be a useful tool for observation of high-resolution Ramsey fringes even when the driving field undergoes undesired parameter variations during the course of measurement [14] . It makes it also possible to use Ramsey spectroscopy in atomic ensembles with significant inhomogeneous broadening, as in doped solids [36, 37] ; in this case the detuning should be larger than the inhomogeneous bandwidth for the Hahn-Ramsey scheme to be applicable.
